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Abstract
In the paper, asymptotic behavior of the uncertainty product for a fam-
ily of zonal spherical wavelets is computed. The family contains the most
popular wavelets, such as Gauss–Weierstrass, Abel–Poisson and Poisson
wavelets and Mexican needlets. Boundedness of the uncertainty constant
is in general not given, but it is a property of some of the wavelets from
this class.
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1 Introduction
Similarly as Heisenberg’s uncertainty principle in quantum physics, several un-
certainty principles are valid in mathematics. They state that a function cannot
be sharp both in space and in frequency, and quantitatively they are expressed
by boundedness from below of an uncertainty constant whose definition depends
on the domain of the function.
The problem of minimization of the uncertainty constant of wavelets on the real
line – whose analog on the sphere is the uncertainty product – was studied since
1990s. The reason was that the wavelet transform gives information about
time-frequency localization of continuous time-signals with finite energy and
therefore the size of the time-frequency windows must be small. One of the
first questions investigated in this context was to find wavelets preserving time-
frequency localization as smoothness grows, where smoothness was understood
for instance as Ho¨lder exponent, as the decay rate of Fourier transform or as the
number of vanishing moments of the wavelet or the scaling function, cf. [18] and
the references therein. A similar problem for periodic wavelets was considered
in [19]. In my previous paper [14] I proved that the uncertainty constants of
families of rotation-invariant Poisson wavelets over the n-dimensional sphere
tend to the minimum value when some parameters approach their limits.
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The present research is devoted to a broader class of spherical wavelets, and it
is shown that even boundedness of the uncertainty constant is an exceptional
property. I investigate functions given by
Ψρ(x) =
∞∑
l=0
[ρaqν(l)]
c
e−ρ
aqν(l) · l+ λ
λ
Cλl (cosϑ), (1)
where x = (x1, x2, . . . , xn+1) ∈ Sn ⊆ Rn+1 and ϑ is the first hyperspherical
variable, i.e.,
x1 = cosϑ,
x2 = sinϑ cosϑ2,
x3 = sinϑ sinϑ2 cosϑ3,
. . .
xn−1 = sinϑ sinϑ2 . . . sinϑn−2 cosϑn−1,
xn = sinϑ sinϑ2 . . . sinϑn−2 sinϑn−1 cosϕ,
xn+1 = sinϑ sinϑ2 . . . sinϑn−2 sinϑn−1 sinϕ.
Functions depending only on ϑ are invariant with respect to a rotation around
theX1-axis and they are called zonal (or rotation-invariant). In formula (1), ρ ∈
R+ , qν is a polynomial of degree ν, strictly positive and monotonously increasing
for l ≥ 1, and a, c— some positive constants. Further, λ a parameter depending
on space dimension, λ = n−12 , and Cλl denotes Gegenbauer polynomial of degree l
and order λ.
There are two essentially different definitions of continuous spherical wavelets,
namely those based on group theoretical approach [1] and those derived from
approximate identities [9], see discussion in [9, Sec. 5]. It is shown in [13, The-
orem 2.6] that a wide class of (non-zonal) wavelets belonging to the latter class
can be derived from functions defined by (1). It can be easily verified that the
zonal functions (1) are wavelets as well. Although [13, Theorem 2.6] concerns
a wider class of functions, we concentrate on those with a polynomial in the
exponent of the exponential function. The reason is, the wavelets used in ap-
plications and considered in the literature, such as Gauss–Weierstrass wavelets,
Abel–Poisson wavelets or the whole family of Poisson wavelets [2, 8, 11], as well
as Mexican needlets [4, 5] are of this type. Further, the aim of the present
research is to compare wavelet families, characterized by parameters a, c, ν,
and the polynomial q, in respect of their uncertainty product. Zonal wavelets
are in the author’s opinion a class of functions wide enough to yield interesting
results. Computation of the uncertainty product of directional wavelets will be
the object of my future research.
An uncertainty principle for twice continuously differentiable functions on the
two-dimensional sphere was derived by Narcowich and Ward in [20]. The def-
initions of variances in space and momentum domain (whose square roots are
uncertainties) were used by other authors to characterize distinct function fam-
ilies in respect of their localization, see e.g. [3]. The case of n-dimensional
Uncertainty product of spherical wavelets 3
spheres was investigated in [21], where an uncertainty principle for zonal func-
tions was derived. These ideas were further generalized in [6, 7] to continuously
differentiable non-vanishing functions over Sn. The uncertainty principle stated
in [20, 21] is weaker than that from [6, 7]. To my best knowledge, the notion
uncertainty product was introduced in [16]. Contrary to the authors of [20, 21],
La´ın Ferna´ndez uses the word variance for what was called uncertainty and the
product of variances in space and in momentum domain is called the uncertainty
product of a twice continuously differentiable function. Except for these distinct
expressions, the definitions coincide in the above mentioned papers.
A series representation of the uncertainty product using Gegenbauer coefficients
of a zonal function over S2 is derived in [16]. Similarly, a series representation
of the uncertainty product of a function over S1 is presented in [6, 7] and for
zonal Sn-functions in [10].
2 Preliminaries
Let Sn denote the n–dimensional unit sphere in (n+ 1)–dimensional Euclidean
space Rn+1 and Σn =
2πλ+1
Γ(λ+1) is its Lebesgue measure. Gegenbauer polynomials
Cλl of order λ ∈ R, and degree l ∈ N0, are defined in terms of their generating
function ∞∑
l=0
Cλl (t) r
l =
1
(1− 2tr + r2)λ , t ∈ [−1, 1].
They are real-valued and for a fixed λ 6= 0 orthogonal to each other with respect
to the weight function t 7→ (1− t2)λ− 12 . Integrable zonal functions over the
sphere have the Gegenbauer expansion
f(cosϑ) =
∞∑
l=0
f̂(l)Cλl (cosϑ)
with Gegenbauer coefficients
f̂(l) = c(l, λ)
∫ 1
−1
f(t)Cλl (t)
(
1− t2)λ−1/2 dt, (2)
where c is a constant that depends on l and λ = n−12 .
The variances in space and momentum domain of a C2(Sn)–function f with∫
Sn x |f(x)|2 dσ(x) 6= 0 are given by [16]
varS(f) =
( ∫
Sn |f(x)|2 dσ(x)∫
Sn x |f(x)|2 dσ(x)
)2
− 1
and
varM (f) = −
∫
Sn ∆
∗f(x) · f¯(x) dσ(x)∫
Sn |f(x)|2 dσ(x)
,
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where ∆∗ is the Laplace–Beltrami operator on Sn. The quantity
U(f) =
√
varS(f) ·
√
varM (f)
is called the uncertainty product of f .
The uncertainty product of zonal functions may be computed from their Gegen-
bauer coefficients [10, Lemma 4.2] and according to the spherical uncertainty
principle it is bounded from below by n2 , see [20, 21] and [6, formula (4.37)], [7,
formula (12)].
Lemma 2.1 Let a zonal square integrable and continuously differentiable func-
tion over Sn be given by its Gegenbauer expansion
f(cosϑ) =
∞∑
l=0
f̂(l) Cλl (cosϑ).
Its variances in space and momentum domain are equal to
varS(f) =
 ∑∞l=0 λl+λ (l+2λ−1l ) |f̂(l)|2∑∞
l=0
(
l+2λ
l
) λ2[f̂(l) f̂(l+1)+f̂(l) f̂(l+1)]
(l+λ)(l+λ+1)

2
− 1, (3)
varM (f) =
∑∞
l=1
lλ(l+2λ)
l+λ
(
l+2λ−1
l
) |f̂(l)|2∑∞
l=0
λ
l+λ
(
l+2λ−1
l
) |f̂(l)|2 , (4)
whenever the series are convergent.
Theorem 2.2 For f ∈ L2(Sn) ∩ C1(Sn), U(f) ≥ n2 .
3 The uncertainty product of spherical wavelets
For the proof of the main statement of this paper, Theorem 3.4, we need some
lemmas.
Lemma 3.1 Let ν, d, and ρ be positive numbers. Then for each k ∈ N
∞∑
l=k
lde−ρl
ν
=
Γ
(
d+1
ν
)
ν
ρ−
d+1
ν +O
(
ρ−
d
ν
)
for ρ→ 0. (5)
Proof. Consider the function
f : R+ → R+,
x 7→ xde−ρxν .
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It is monotonously increasing for x ∈
(
0, ν
√
d
ρν
)
and monotonously decreasing
for x ∈
(
ν
√
d
ρν ,+∞
)
. Consequently,
∫ ∞
0
f(x) dx− (k + 1) · fmax ≤
∞∑
l=k
f(l) ≤
∫ ∞
0
f(x) dx + fmax. (6)
Since ∫ ∞
0
f(x) dx =
Γ
(
d+1
ν
)
ν
ρ−
d+1
ν (7)
and
fmax = f
(
ν
√
d
ρν
)
=
(
d
νe
) d
ν
ρ−
d
ν , (8)
one obtains (5). 
Lemma 3.2 Let d and ρ be positive numbers, and q(l) = lν+aν−1lν−1+· · ·+a0
– a polynomial of degree ν ≥ 1, positive and monotonously increasing for l ≥ 1.
Then for each k ∈ N
∞∑
l=k
lde−ρq(l) =
Γ
(
d+1
ν
)
ν
ρ−
d+1
ν +O
(
ρ−
d
ν
)
for ρ→ 0. (9)
Proof. If ν ≥ 2, consider the function
f : R+ → R+,
x 7→ xde−ρq(x).
Its derivative
f ′(x) = xd−1 e−ρq(x) [d− xρq′(x)]
is positive for x = 0, tends to −∞ for x → +∞ and changes the sign in x0
such that x0q
′(x0) = dρ . Thus, the function f has a local maximum in x0.
Consequently, estimation (6) holds also in this case.
For ρ ∈ (0, 1) set
R = R(ρ) = ρ
1
2(1−ν) .
Then
|q(x) − xν | ≤ aRν−1 = a√
ρ
for x ∈ (0, R) and a =∑ν−1ι=0 |aι|. Further, for each ǫ > 0 there exists ρ0 ∈ (0, 1)
such that ∣∣∣∣q(x)xν − 1
∣∣∣∣ ≤ ǫ
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for all ρ ∈ (0, ρ0) and x ∈ [R(ρ),∞). Consequently,
xde−ρx
ν
e−a
√
ρ ≤ f(x) ≤ xde−ρxν ea√ρ for x ∈ (0, R) and
xd
(
e−ρx
ν
)1+ǫ
≤ f(x) ≤ xd
(
e−ρx
ν
)1−ǫ
for x ∈ [R,∞),
and further
e−a
√
ρ
∫ R
0
xde−ρx
ν
dx ≤
∫ R
0
f(x) dx ≤ ea√ρ
∫ R
0
xde−ρx
ν
dx, and∫ ∞
R
xde−(1+ǫ)ρx
ν
dx ≤
∫ ∞
R
f(x) dx ≤
∫ ∞
R
xde−(1−ǫ)ρx
ν
dx.
(10)
The sum of the left-hand-sides of (10) can be estimated from below as follows:
e−a
√
ρ
∫ R
0
xde−ρx
ν
dx+
∫ ∞
R
xde−(1+ǫ)ρx
ν
dx
≥ e−a
√
ρ
∫ R
0
xde−(1+ǫ)ρx
ν
dx+ e−a
√
ρ
∫ ∞
R
xde−(1+ǫ)ρx
ν
dx
= e−a
√
ρ
∫ ∞
0
xde−(1+ǫ)ρx
ν
dx,
and for the right-hand-side of (10) we obtain in an analogous way
ea
√
ρ
∫ R
0
xde−ρx
ν
dx +
∫ ∞
R
xde−(1−ǫ)ρx
ν
dx ≤ ea
√
ρ
∫ ∞
0
xde−(1−ǫ)ρx
ν
dx.
Consequently, by (7),
e−a
√
ρ Γ
(
d+1
ν
)
ν
[(1 + ǫ)ρ]−
d+1
ν ≤
∫ ∞
0
f(x) dx ≤ ea
√
ρ Γ
(
d+1
ν
)
ν
[(1 − ǫ)ρ]− d+1ν .
Since we investigate the behavior of
∑∞
k f(l) for ρ→ 0, we can assume without
loss of generality that ǫ→ 0. Thus∫ ∞
0
xde−ρq(x) dx→ Γ
(
d+1
ν
)
ν
ρ−
d+1
ν for ρ→ 0.
In order to estimate fmax note that since q(x) > 0 for x ≥ 1, there exists α > 0
such that
q(x) ≥ αxν for x ≥ 1.
Thus,
f(x) ≤ xde−αρxν .
Apply (8) to the function on the right-hand-side of this inequality to get
f(x) ≤
(
d
ανe
) d
ν
ρ−
d
ν .
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We obtain (9) by the same arguments as in the proof of Lemma 3.1.
For ν = 1 write the series as
∞∑
l=k
lde−ρ(l+a0) = e−ρa0
∞∑
l=k
lde−ρl
and apply Lemma 3.1. 
Lemma 3.3 Let d and ρ be positive numbers, q(l) = lν + aν−1lν−1 + · · · + a0
– a polynomial of degree ν ≥ 1, positive and monotonously increasing for l ≥ 1,
Q(l) = lr + br−1lr−1 + · · · + b0 – a polynomial of degree r ≥ 1, positive for
positive l, and p ∈ N. Then
∞∑
l=1
lpQ(l)de−ρq(l) =
Γ
(
p+rd+1
ν
)
ν
ρ−
p+rd+1
ν +O
(
ρ−
p+rd
ν
)
for ρ→ 0.
Proof. Set
k =
[
max
ι∈{r−1,r−2,...,1,0}
|bι|
]
+ 1,
[◦] denoting the entier function. Then, for l ≥ 1,
Q(l) ≤ lr + rklr−1 ≤ (l + k)r
and
Q(l) ≥ lr − rklr−1.
Note that for positive l and c, and r ≥ 2
(l − c)r ≤ lr − crlr−1 + 2r
r∑
ι=2
cιlr−ι
≤ lr − crlr−1 + 2r · c
2lr−2
1− cl
≤ lr − cr
2
lr−1 for l ≥
(
2r+1
r
+ 1
)
c,
and for r = 1
l − c ≤ l − c
2
.
Consequently, for l ≥ 2k
(
2r+1
r + 1
)
,
Q(l) ≥ (l − 2k)r .
Thus, by Lemma 3.2,
∞∑
l=1
lpQ(l)de−ρq(l) ≤
∞∑
l=1
(l + k)p+rd e−ρq(l) =
∞∑
l=1+k
lp+rd e−ρq(l−k)
≤
Γ
(
p+rd+1
ν
)
ν
ρ−
p+rd+1
ν +O
(
ρ−
p+rd
ν
)
for ρ→ 0. (11)
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On the other hand, set K =
[
2k
(
2r+1
r + 1
)]
+ 1. Then,
∞∑
l=1
lpQ(l)de−ρq(l) ≥
∞∑
l=1+K
lpQ(l)de−ρq(l) ≥
∞∑
l=1+K
(l − 2k)p+rd e−ρq(l)
=
∞∑
l=1+K−2k
lp+rd e−ρq(l+2k) ≥
Γ
(
p+rd+1
ν
)
ν
ρ−
p+rd+1
ν +O
(
ρ−
p+rd
ν
)
for ρ→ 0.
(12)
One obtains the assertion from (11) and (12). 
After this preparation the main result may be proved.
Theorem 3.4 Let {Ψρ} be a zonal wavelet family with
Ψ̂ρ(l) = [ρ
aqν(l)]
c
e−ρ
aqν(l) · l + λ
λ
, (13)
where a > 0, c > 0, and qν(l) = aν l
ν + aν−1lν−1+ · · ·+ a1l+ a0 is a polynomial
of degree ν, positive and monotonously increasing for l ≥ 1. The uncertainty
product of Ψρ for ρ→ 0 behaves like
U(Ψρ) ≤ O
(
ρ
−a
2ν
)
.
Proof. Note that in the expressions (3) and (4), in the numerators and
the denominators there occur products of two Gegenbauer coefficients of f
such that the factor ρ
ac
λ in (13) can be neglected by computation of varS(Ψρ)
and varM (Ψρ). Consider
f̂ρ(l) = (l + λ) qν(l)
c e−ρ
aqν(l)
and compute the numerator of varS(fρ),
NS(fρ) :=
∞∑
l=0
λ
l + λ
(
l + 2λ− 1
l
)
|f̂ρ(l)|2 = λ
∞∑
l=0
P2λ−1(l) (l+λ) qν(l)2c e−2ρ
aqν (l),
where P2λ−1 is a polynomial of degree 2λ− 1 and with leading coefficient equal
to 1(2λ−1)! . According to Lemma 3.3, for ρ→ 0 it behaves like
NS(fρ) =
λa2cν Γ
(
2(λ+νc)+1
ν
)
(2λ− 1)! ν (2ρ
aaν)
− 2(λ+νc)+1
ν +O
(
ρ−
2a(λ+νc)
ν
)
.
In a similar manner, for the denominator of (3) we obtain
DS(fρ) :=
∞∑
l=0
(
l + 2λ
l
)
2λ2f̂(l)f̂(l + 1)
(l + λ)(l + λ+ 1)
= 2λ2
∞∑
l=0
P2λ(l) [qν(l) qν(l + 1)]
c
e−ρ
a[qν(l)+qν(l+1)]
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with a polynomial P2λ of degree 2λ and with leading coefficient
1
(2λ)! . Conse-
quently,
DS(fρ) =
λa2cν Γ
(
2(λ+νc)+1
ν
)
(2λ− 1)! ν (2ρ
aaν)
− 2(λ+νc)+1
ν +O
(
ρ−
2a(λ+νc)
ν
)
.
Thus,
varS(fρ) ≤
[
1 +O (ρ aν )]2 − 1 = O (ρ aν ) for ρ→ 0. (14)
Further, for the numerator of varM (fρ) we have
NM (fρ) :=
∞∑
l=1
lλ(l + 2λ)
l + λ
(
l + 2λ− 1
l
)
|f̂(l)|2
= λ
∞∑
l=1
l(l+ λ)(l + 2λ)P2λ−1(l) qν(l)2c e−2ρ
aqν(l)
=
λa2cν Γ
(
2(λ+νc)+3
ν
)
(2λ− 1)! ν (2ρ
aaν)
− 2(λ+νc)+3
ν +O
(
ρ−
2a(λ+1+νc)
ν
)
,
and the denominator of varM (fρ) is equal to NS,
DM (fρ) =
λa2cν Γ
(
2(λ+νc)+1
ν
)
(2λ− 1)! ν (2ρ
aaν)
− 2(λ+νc)+1
ν +O
(
ρ−
2a(λ+νc)
ν
)
.
Consequently,
varM (fρ) ≤
Γ
(
2(λ+νc)+3
ν
)
Γ
(
2(λ+νc)+1
ν
) (2ρaaν)− 2ν +O (1) . (15)
It follows from (14), (15), and the definition of the uncertainty product that
U(Ψρ) = U(fρ) ≤ O
(
ρ
−a
2ν
)
for ρ→ 0.

4 Discussion
It is apparent that the uncertainty product of a wavelet family given by (13)
is in general unbounded for ρ → 0. Computation of the second terms in the
expansions of NS(fρ) and DS(fρ) (in order to obtain the exact coefficient in the
first term of the representation (3)) is impossible without explicit knowledge of
the coefficients of the polynomial q, and even if they were known, it is quite
sophisticated, see [17]. Note that in the case of Poisson wavelets
gmρ (x) =
1
Σn
∞∑
l=0
l + λ
λ
(ρl)me−ρlCλl (cosϑ),
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the term ρ
a
ν = ρ disappears, and one has varS(g
m
ρ ) = O(ρ2), see [14]. Conse-
quently, Poisson wavelets have bounded uncertainty product for ρ→ 0.
Similarly, Gauss–Weierstrass kernel on the two-dimensional sphere
Φρ(x) =
1
4π
∞∑
l=0
(2l + 1) e−ρl(l+1) C1/2l (cosϑ)
has a bounded uncertainty product, see [17].
Further, the exponent c may have an influence on the value of the coefficients
in the exact expansion of the variances and the uncertainty product, as it is the
case by Poisson wavelets, but the exponents in these expansions are dependent
only on a and ν. However, the constant a can be easily ousted: Set ρ˜ := ρa.
Since the measures α(ρ˜) and α(ρ) differ only by a multiplicative constant, ρ
may be replaced by ρ˜ in the investigation of the uncertainty product.
In the general case, the increase of the uncertainty product of a wavelet for
ρ → 0 is undesirable. Thus, bounded uncertainty product of Poisson wavelets
[8, 11] is the next property (beside explicit expressions in terms of spherical
variables ϑ and ϕ [11], Euclidean limit property [9], and existence of discrete
frames with density proportional to the scale [15, 12]) that makes this wavelet
families superior to other ones. On the other hand, the uncertainty product
of another wavelet families must be computed. Note that the computations
in [14] cannot be applied to Abel–Poisson wavelet (that can be regarded as
Poisson wavelet of order m = 12 ). Similarly, to the author’s best knowledge, the
uncertainty product of Gauss–Weierstrass wavelet
Ψρ(x) =
1
4π
∞∑
l=0
(2l + 1)
√
2ρl(l+ 1)e−ρl(l+1) C1/2l (cosϑ)
has not been computed so far (contrary to the uncertainty product of Gauss–
Weierstrass kernel). Since these wavelet families are most popular, it seems to
be important to characterize them in respect of their uncertainty product.
References
[1] J.-P. Antoine and P. Vandergheynst, Wavelets on the n-sphere and related
manifolds, J. Math. Phys. 39 (1998), no. 8, 3987–4008.
[2] W. Freeden, T. Gervens, and M. Schreiner, Constructive approximation on
the sphere. With applications to geomathematics, Oxford University Press,
New York 1998.
[3] W. Freeden and V. Michel, Constructive approximation and numerical
methods in geodetic research today – an attempt at a categorization based
on an uncertainty principle, Journal of Geodesy 73 (1999), 452–465.
[4] D. Geller and A. Mayeli, Continuous wavelets on compact manifolds, Math.
Z. 262 (2009), no. 4, 895–927.
Uncertainty product of spherical wavelets 11
[5] D. Geller and A. Mayeli, Nearly tight frames and space–frequency analysis
on compact manifolds, Math. Z. 263 (2009), no. 2, 235–264.
[6] S. S. Goh and T. N. T. Goodman, Uncertainty principles and asymptotic
bahavior, Appl. Comput. Harmon. Anal. 16 (2004), no. 1, 19–43.
[7] T. N. T. Goodman and S. S. Goh, Uncertainty principles on circles and
spheres, Advances in constructive approximation: Vanderbilt 2003, 207–
218, Modern methods in mathematics, Nashboro Press, Brentwood, TN,
2004.
[8] M. Holschneider and I. Iglewska–Nowak, Poisson wavelets on the sphere,
J. Fourier Anal. Appl. 13 (2007), no. 4, 405–419.
[9] I. Iglewska–Nowak, Continuous wavelet transforms on n-dimensional
spheres, Appl. Comput. Harmon. Anal. 39 (2015), no. 2, 248–276.
[10] I. Iglewska–Nowak, Multiresolution on n-dimensional spheres, Kyushu J.
Math., 70 (2016), 353–374.
[11] I. Iglewska–Nowak, Poisson wavelets on n-dimensional spheres, J. Fourier
Anal. Appl. 21 (2015), no. 1, 206–227.
[12] I. Iglewska–Nowak, Semi-continuous and discrete wavelet frames on n-
dimensional spheres, Appl. Comput. Harmon. Anal. 40 (2016), no. 3, 529–
552.
[13] I. Iglewska–Nowak, Frames of directional wavelets on n-
dimensional spheres, Appl. Comput. Harmon. Anal. (2016),
http://dx.doi.org/10.1016/j.acha.2016.01.004.
[14] I. Iglewska–Nowak, Uncertainty of Poisson wavelets, Kyushu J. Math., 00
(2017), 1-14, doi:10.2206/kyushujm.
[15] I. Iglewska–Nowak and M. Holschneider, Frames of Poisson wavelets on
the sphere, Appl. Comput. Harmon. Anal. 28 (2010), no. 2, 227–248.
[16] N. La´ın Ferna´ndez, Polynomial bases on the sphere, doctoral thesis, Uni-
versita¨t zu Lu¨beck 2003.
[17] N. La´ın Ferna´ndez and J. Prestin, Localization of the spherical Gauss–
Weierstrass kernel, Constructive theory of functions, 267–274, DARBA,
Sofia, 2003.
[18] E. A. Lebedeva, Uncertainty constants and quasispline wavelets, Appl.
Comput. Harmon. Anal. 30 (2011), no. 2, 214–230.
[19] E. A. Lebedeva and J. Prestin, Periodic wavelet frames and time-frequency
localization, Appl. Comput. Harmon. Anal. 37 (2014), no. 2, 347–359.
Uncertainty product of spherical wavelets 12
[20] F. J. Narcowich and J. D. Ward, Nonstationary wavelets on the m-sphere
for scattered data. Appl. Comput. Harmon. Anal. 3 (1996), no. 4, 324–336.
[21] M. Ro¨sler and M. Voit, An uncertainty principle for ultraspherical expan-
sions, J. Math. Anal. Appl. 209 (1997), no. 2, 624–634.
